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Symbols used Syllabus outcomes addressed
Beware! Heed warning.

ME12-4 uses calculus in the solution of applied problems, in-
cluding differential equations and volumes of solids of
revolution

Revision content.
Mathematics Extension 1 content.

Mathematics Extension 2 content. ME12-6 chooses and uses appropriate technology to solve

problems in a range of contexts

CNONONONC)

Literacy: note new word/phrase.

Extension content: unlikely to be in the syllabus and
therefore not examinable. Syllabus subtopics

R the set of real numbers

V for all ME-C2 Further Calculus Skills

o Gentle reminder

e For a thorough understanding of the topic, every question in this handout is to
be completed!

e Additional questions from Cambridge MATHS Year 12 FExtension 1
(Pender, Sadler, Ward, Dorofaeff, & Shea, 2019) will be completed at the
discretion of your teacher.

e Remember to copy the question into your exercise book!
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Section 1

Ordinary Differential Equations

“s Learning Goal(s)

iZ Knowledge £ Skills
How to recognise Recognise

¢ Understanding
ODEs and non unique solutions

to ODEs

& By the end of this section am | able to:
29.1  Recognise that an equation involving a derivative is called a differential equation

29.2  Recognise that solutions to differential equations are functions and that these solutions may not be

unique

1.1 Definitions and Rationale

&) Definition 1
An ordinary differential equation (ODE) is an equation that contains terms of
y=flz)and derivatives of f(x).

Abbreviated to ‘DE’ in high school textbooks.

o Important note
Why ‘ordinary’? Later in STEM courses at university, partial differential equations

(PDEs) will be studied. These involve partial derivatives, e.g.
0*u N 0*u N Pu 0
ox2  Oy? 022

(The PDE above is Laplace’s Equation, arises in heat and diffusion)




DEFINITIONS AND RATIONALE

1.1.1 Order
&) Definition 2

The order of an ODE is the order of the

€, Laws/Results

The number of arbitrary

is the same as the ODE’s order.

highest

constants

derivative

arising from an ODE
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6 DEFINITIONS AND RATIONALE

1.1.2 Some simple applications of ODEs
(Haese, Haese, & Humphries, 2017, Section 8C, p.237)

d; .
e Derivatives in this topic are written as ¢ or —dy , instead of f'(z) or Z.

A falling object @ A parachutist @

I

R

dt? m@ = mg — kv?

.................... dt

{v

e Order: 1

Object on a spring @

e
J R
E
L ogiog,—
i
Lﬁ + RI =F
dt {
............................... nl@ B _k”l
a2 Y
e Order: 1

curve of pursuit

$ / (z,y)

# T
W avi RN A
........ dt dx? dx
e Order: 1 e Order: 2

NORMANHURST BOYS’ HIGH SCHOOL



One notable example not shown above for @ . the logistic curve. See Sec-
tion [2.3 on page 24|

.......................................... Q Defln|t|0n3
............................ A solution to an ODE is an equation of a _.... relation or ..o il
...... function .
................................... o Important note
@ Equations dealt with during Years 7-12, had = = { value }.
e Definitions M and [5 on the next page| provide further insight.

SRS 444444444 -s ........ o

1. Differentiate the solution provided as many times as the

oy Eamper

[2015 VCE Specialist Mathematics Paper 2 Q14] A differential equation that
................................ has y = xsinz as a solution is
d?y d*y d*y :
................................ B G ty= © Fmty=-swe #) ZGty=esz
d?y d?y :
............................... (B) 12— +y=0 (D) 5 +y=—-2cosz



https://schoolsnsw.sharepoint.com/:b:/s/N1XHSGBP/mathematics/Eafm_JSbLSZOpSfQtVMThKsBrSoGBpAXmod5E9KqBWdH4A?e=CCBbE5

s - 1"2‘2“"Types of solutlons‘f““““'f ........ R . - . AR S . A . RN A S 10 . .

.., &@pDefinitiona
@ The general solution to a differential equation involves arbitrary

................ istants
. The general solutlon is a con(:lse Way to represent ..... mﬁp;p_e}y ....... ma,ny solu—

......................... t 10ns

...................... ThemdeﬁmtemtegrallsOnetypeofgeneralsolutlon

g Deflmtlon 5

@ The particular solution to a differential equation involves substituting

..................... initi@l.‘.. ‘.‘.Y‘ailge.s“.‘. into the general Solution.
......... .. ...... Often abbreviated to . yR L I S D S RN i
""""" """ A question that involves finding a particular solution, is known as an initial value """"" """"" """""
| ' problem (IVP). ' ' '
g TR Example 2.
| ; [Section 8C] (Haese et all, 201 7) Consider the differential equation ; ; ;
: : dy U :
B —=—3y=3 R
......... ...... dl’ Y= 444444444 ......... ..........
....... ....... (a)  Show that y = ce®* —1 is a solution to the differential equation for any constant 444444444 --------- »»»»»»»»»»
| . .. . . .

""""" """" (b)  Sketch the solution curves for ¢ = 0, £1, +2, +3.
......... ....... (¢)  Find the particular solution which passes through (0, 2) ......... ......... ..........
| : (d)  Find the equation of the tangent to the particular solution at (0, 2). A A A

Answer: yp = 3e3® — 1, tangent: y = 9z + 2
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10 SOLUTIONS TO' ODEsE

....... .......... e Ts”Examlﬂe?’”'g ........ VRN SO I e e, ESUUR OO UUE SURE SOOOE SO SR ....... ........ .........
: : [2011 Ext 2 HSC Q4] A mass is attached to a spring and moves in a resistive : :
medium. The motion of the mass satisfies the differential equation

......... ....... d2y dy ......... ......... ..........
: : —_— = 4 2y = : : :
| . 72 +3dt +2y=20 : : :

where y is the displacement of the mass at time .

--------- »»»»»» i.  Show that if y = f(t) and y = g(t) are both solutions to the differential 2 --------- --------- »»»»»»»»»»
: : equation and A and B are constants, then E E E

y = Af(t) + Bg(t)

is also a solution.

ii. A solution of the differential equation is given by y = e* for some 2 444444444 ......... ..........
values of k, where k is a constant. : : :

Show that the only possible values of k are k = —1 and k = —2.

......... , ...... iii. A Solution Of the diﬁ‘erential equation iS 3 444444444 , ......... ..........

y= A 1 Be O

o dt
......... ....... Find the values of A and B. ......... ......... ..........

| : d s s s
PRSI B When t = 0, it is given that y = 0 and Yy _ 1. SRR B PR
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12

SorLuTioNs TO ODEs

1.2.3 Additional exercises

Source [Haese et all (2017, Ex 8C)

1.  Verify that:

(a)

d
y = x* is a solution to d_y =473

T

d
y = 5e2* is a solution to & _ 2y
dx

d
y =+Vx? + 1is a solution to d—y _Z
r oy

1 d
y = —— is a solution to & _ y?
x dx

2. . dy
y = 3ez T is a solution to y y =Ty

d
y = a2 + C is the general solution to d_y = 322
x

d
y = Ce™™ is the general solution to d_y = —y
x

— d
y=-——= —C is the general solution to d_y =

Xz

d
2.  Consider the differential equation d—y = 4x.
x

Show that y = 22 + C is a solution to the differential equation for any constant

C.
Sketch the solution curves for C' =0, +1, +2.

Find the particular solution which passes through (1, %)

Find the equation of the tangent to the particular solution at (1, %)

d
3.  Consider the differential equation d_y =2r —y.
x

2. (o) y:2r2—% (d) y=4x—

Show that y = 2x — 2 4+ C'e™ is a solution to the differential equation for any
constant C.

Sketch the solution curves for C' =0, £1, +2.
Find the particular solution which passes through (0, 1).
Find the equation of the tangent to the particular solution at (0, 1).

[SIEN

3. (¢) y=2x—2+4+3e " d) y=-z+1

NORMANHURST BOYS’ HIGH SCHOOL



Section 2

First order ODEs

‘{s Learning Goal(s)

iZ Knowledge £ Skills @ Understanding
First order ODEs Solve Features of first order ODEs and
exponentials

By the end of this section am | able to:

29.4  Solve simple first-order differential equations

29.5  Recognise the features of a first-order linear differential equation and that exponential growth and
decay models are first-order linear differential equations, with known solutions

2.1 Linear
&) Definition 6
A first order linear ODE take the form

Y + f(x)y = g(x)

Special cases of the first order linear ODE

flx) =0 . See Section [2.1.1 on the following page]

e Simple integration:

f(x) =k (non zero constant) and ~ g(x) =0

e Change of subject: —  f(r)=Fk
See Section [2.1.2 on page 15|

° @ Integrating factor: first year university. Multiply throughout by an integrating

factor
] = ef f(z) dx

and use the product/chain rules:

L1y =12 4 jayty

13



14 LINEAR

2.1.1 Simple integration

Steps
For equations of the form y' = f(z)
1. Evaluate the indefinite integral

2.  Substitute any initial values where appropriate.

e No further examples are provided here.

e Most of these are reviewing integration techniques from Topic 27 - Further Integration
and other calculus based topics prior to this.

= Further exercises
Ex 13A

e Q1-16

NORMANHURST BOYS’ HIGH SCHOOL
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LINEAR : : : : : : : : : : : : : : 15

91 Change of subject

iy [Esteps ¢ i i i
5 : 5 | For equations of the form y' = g(y) ;

R R NS TR AR TS RS SRR B o
| : : | 1. Rewrite in differential form: d—y =g(y) :

2.  Gather y with dy, and change the subject to dz

3. Evaluate the indefinite integral on both sides.

4.  Substitute any initial values where appropriate.

o S




16 : : : : : : : : : : : : : : LINEAR

T gl

[2002 Ext 2 HSC Q7] The diagram represents a vertical cylindrical water cooler
of constant cross-sectional area A. Water drains through a hole at the bottom of the
cooler.

| . Draining
SUUI . water

....... ,,,,,, From physical principles, it is known that the volume V' of water decreases at a rate <<<<<<<< -------- 44444444
' : given by ST ;

av : : :
................ AR
dt VY z z :

......... ....... where k is a positive constant and Y is the depth Of water. 444444444 ......... ..........

--------- »»»»»»» Initially the cooler is full and it takes 7" seconds to drain. Thus y = yo when t = 0, 444444444 --------- »»»»»»»»»»
5 : and y =0 when t =T. 5 : :

dy k
1. h hat = = ——/y. 1
i Show that o A\/g

dt
ii. By considering the equation for ot otherwise, show that 4
y

- N B
. y=w(1-£) wrosrer EE

""""" """" iii.  Suppose it takes 10 seconds for half the water to drain out. How long 2 """"" """"" """""
: : does it take to empty the full cooler? : : :




LINEAR
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s o SR L o SRR o SEPARABLE -

........ ..... 22 “““ S’épa‘réble5

S - Also known as-separation of variables. - S S S SR SR SR b L S Lo

................ 2. Gather g(y) with dy, and f(z) with dz.

""""" """" 3. Evaluate the indefinite integral

SR """ 4.  Substitute any initial values where appropriate.

5 : 0 Imbortaht note . _ :
""""" ..... ® The following ODEs from Topic 10 - Rates of change, Section 2 have

exponential solutions:

-------- """"" (b)  Find the solution curve through (0,0).

Answer: (a) y=—In(22+C) (b) y=—In(22+1)

................................................................................................................................................................................................................



https://schoolsnsw.sharepoint.com/:b:/s/N1XHSGBP/mathematics/Eafm_JSbLSZOpSfQtVMThKsBrSoGBpAXmod5E9KqBWdH4A?e=CCBbE5

| ae e
i y(1) =3 i.  y(2)=0
Answer: i. y = P% or y = 0ii. y = 0 is also possible. ~ ----ooreoiens

o S




20 SEPf RABLE

[2019 VCE Specialist Mathematics Paper 1 Q1] (4 marks) Solve the differential

equation

dy  2ye*

dr 1+ e

......... ...... given that y(0) = 7. Answer: T (14 e27) ......... ......... ..........

o S




O Bl

[2016 VCE Specialist Mathematics Paper 1 Q9] (5 marks) Solve the differential

equation

BRRSRE e R N

dr — 2—y

--------- --------- given that y(1) = 0. Express y as a function of .  Answer: y=2- \/44- Zoasinl(E) o ~~~~~~~~~~

o S

Ex 13C

e Q1-15
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SEPARABLE

2.2.1 Additional exercises

Source |Haese et all (2017, Ex 8E).

1.  Solve the following separable differential equations.
dy dy dy _y
dy 2x dy . dy 9
oY _ 22 hat A h 27— y
(b) T = o (e) 5 = ysinz (h) - 3z’e
dy dy dy _ y+2
(c) %—3% () %——xverl (i) e o1
2 Solve:
dy dy dQ
9 _ Y X _9
() Y=y © Y=y @ -2g+s
dy 1 dP dQ 1
b) —=- B f — =
O (@) —=3VP R
3 Solve:
@ L= @ (Vic) L1y
de 2241 dx
dy dy 5 2
(b) 4+ =2y (e) ——=ay —2y
dy 2x d 6x\/y
c ?+5) = == £ el

4.  Find the particular solution to:

d
(a) d—i = z—f given that y(0) =1

d
(b) % - \/?g given that y(44) = 9

d
(c) & _ y + yx? given that y(0) = 1

dx

dy 3z
d) —= i that y(1) =0
(@ 5= 2 given that y(1)

dy

(e) e’ (22% +4x+1) = (x 4+ 1) (¥ 4 3) given that y(0) = 2
T

(f) xj—y = cos” y given that y(e) = 2
T

NORMANHURST BOYS’ HIGH SCHOOL



SEPARABLE 23

3—ux 1 2
5. Show that = — .
(a)  Show that o= = -—9 ~ 757
: : : dy 3y—wzy
(b)  Find the particular solution to el given that y(0) = 1.
r -
Sx +4 2 3

6. Sh that = .
(2) ow tha 24+ x—2 x—|—2+x—1

d Sry? + 4y?
(b)  Find the particular solution to % = ;1—;__% given that y(0) = —3.
1 1
2—-1 -1 ax+1

N =

7. (a) Show that

d 2
(b)  Find the general solution to Y w
r  x?—1

Answers

1. (a)y= 13/%x2+0 b)y=1In (12 +C’) (c)y= Ae%””2 (d)y= (% +C’) (e) y=Ae 5% (f) y = (fiZQ JrC)2 (g) y = Az
h)y=-In(C—23) ()y=A(x—1)—22.(a) y = Ae® (b) y = +v2zx + C (c) y = Ae’ +4 (d) P = (%
(1) t=Q?+3Q+C 3 (a) y = Ae™ % (b) y = 4> +2 () y = YW@ FH TC () y = 1+ Ae~

f) y= (gln(xz-l-f)) +C)% 4. (a)y= 3 %xQ—l—l b)y= %(ac—26)2 (c) y:eﬁézg (d) y =sin™

|
-
_ o~

1
—La242204C
1

3

2

() y=1In [«4/|2:1:2+4x+1| (e243) —3} (f) y=tan"! (In|z|) 5. y = ﬁ 6.y = —m 7.y = Ae” ﬁ)
T S—

NORMANHURST BOYS’ HIGH SCHOOL



23 The logistic curve

5 ﬁ Learning Goal(s):

= Knowledge
Logistic curve

£ Skills ¢ Understanding
Solve Chemistry /Biology /Economics

phenomena modelled by the

logistic curve

SRR R & By the end of this section am | able to:

29.6  Model and solve differential equations including to the logistic equation that will arise in situations
where rates are involved, for example in chemistry, biology and economics

2.3.1 ;Histcéry arild bziickgr;oundé

ibn: h;ttps :;//en Wlki;pedlé. . org,f/w1k1§/Logglst1c§,func§t10n :

et G (B Othée formenion: FEREE A AT ST IR TS W W

- . .7 History - i i i L i AR i i N i R T -

Pierre-Francois Verhulst was born in 1804 in
Brussels. He obtained a PhD in mathematics from
the University of Ghent in 1825. He was also inter-
ested in politics.

While in Italy to contain his tuberculosis, he pleaded
without success in favour of a constitution for the Pa-
pal States. After the revolution of 1830 and the inde-
pendence of Belgium, he published a historical essay
on an eighteenth century patriot. In 1835 he became
professor of mathematics at the newly created Free
University in Brussels.

In 1838, Verhulst published a Note on the law of population growth:

s S We know that the famous Malthus showed the principle that the human
population tends to grow in a geometric progression so as to double
J . after a certain period of time, for example every twenty five years. This
| : proposition is beyond dispute if abstraction is made of the increasing
e, L difficulty to find food [...]

B e The virtual increase of the population is therefore limited by the size and

the fertility of the country. As a result the population gets closer and

""""" """" closer to a steady state.

......... ....... Photo and text: Bacaél (@, p- 35-36)



https://en.wikipedia.org/wiki/Logistic_function

................................. Watch h.ttps //WWW youtube Com/watchr?v_c 3VV01WZpk“
............................... . @Other..l.nformatlonu4https, //en Wlklpedla org/w]_kl/]'_.gglstlcfunctlon
............................. 5@ F:II in the spaces :
................................. o The logistic curve is due to Verhulst  — (1838)
1
............................... P(t) =
0= L e
e Models population growth where population regulate themselves:

— Initially, population increases rapidly
""""""""""""""""" — Competition for  food  /  space  / resources ~ pushes
................................. the population to a natural _limit

e Many applications:

— Growthof tumour
.............................. C Feonomis
.............................. oS geal U edia
................................. e Find the derivative w.r.t. ¢, then rewrite in terms of P:
................................ dP

—=rP(1-P
.......... R

— Derivative proportional to P and (1 - P)
.............................. o

— For a small population o ~ 1P
............................... P

— As time increases, ra ~ 0

P
e Graph of Cfi_t against P:

I)R.MANHURST BOYS’ HIGH SCHOOL


https://www.youtube.com/watch?v=C_3VVO1wzpk
https://en.wikipedia.org/wiki/Logistic_function

............... 26 oG e e i a i s, THELOGISTIGCURVE - & 1 G

282 Definition
 goeatent

The logistic curve takes on the form

N _ NP -

;, Example 10: .
[1992 3U HSC Q5] In a flock of 1000 chickens, the number P infected with a
disease at time t years is given by

......... ....... p 1000 here o i o constant ......... ......... ..........
: : = W ; . :
: : 1 4 06_1 000t : : :

(i)  Show that, eventually, all the chickens will be infected. 1

(ii)  Suppose that when time ¢ = 0, exactly one chicken was infected. 2
After how many days will 500 chickens be infected?

dP
(iii) Show that ke P(1000 — P). 2

o S




THE LOGISTIC CURVE : : : : : : : : : : : : 227

O Bl

[2008 Ext 2 HSC Q5] A model for the population, P, of elephants in Serengeti
National Park is

| : : : 21000 |
......... .......... .......... . 74 36_% ........ FRRRE
| : : -} where t is the time in years from today.

i.  Show that P satisfies the differential equation 2

aw_10_ P \p
dt ~3\" 3000

ii. ~ What is the population today? 1

iii. What does the model predict that the eventual population will be? 1

--------- ---------- ~~~~~~~~~~ 1 iv.  What is the annual percentage rate of growth today? . ~~~~~~~~~~

o S




............... 28 i e e e a i s, THELOGISTIGCURVE - & 0 G

........ .......... e "s“Eéxamp;Ie‘lQ; ......... VRN SO I e e, R UE RN SO I SR s i, ......... ........ .........
| : [2016 2U HSC Q16] Some yabbies are introduced into a small dam. The size of : 5 :
| : the population, y, of yabbies can be modelled by the function : A :
it a0 NN
' : y= 1+ 1905t : : :

where t is the time in months after the yabbies are introduced into the dam.

--------- »»»»»» 1. Show that the rate of growth of the size of the population is 2 --------- --------- »»»»»»»»»»

1900e~05
(1 4 19¢-05¢)?

""""" """" ii.  Find the range of the function y, justifying your answer. 2 """"" """"" """""

iii. Show that the rate of growth of the size of the population can be rewrit- 1 ________ ________ ,,,,,,,,,

ten as

E : Yy
: : 2 (2 —
........ ...... 0 (00 y)

iv. Hence, find the size of the population when it is growing at its fastest 2
rate.

Answer: (i) Show (i) R = {y : 10 < y < 200} (iii) Show (iv) y = 100 [ i SO Ll

......................................................................................................................................................................................................................




. MHBLOGSTICCURVE 29
, ......... .......... 4444444444 .‘#Examp|e13‘ 444444444 . ......... , ......... .......... .‘ ......... , ......... .......... « ......... . ......... , ......... ..........

[2010 Ext 2 HSC Q5]

(b)

@ Show that

d
[t = (L) .
y(1—y) 1—y
for some constant ¢, where 0 < y < 1.

A TV channel has estimated that if it spends $z on advertising a
particular program it will attract a proportion y(z) of the potential
audience for the program, where

dy
=¥ = 1—
= ay(l —y)

and a > 0 is a given constant.

d 1
i. Explain why d_y has its maximum value when y = >
x

ii.  Using part (b), or otherwise, deduce that

i 1
ke 41

y(z)

for some constant k& > 0

iii. =~ The TV channel knows that if it spends no money on advertising
the program then the audience will be one-tenth of the potential
audience.

Find the value of the constant k referred to in part (c)ii.

is determined by the

1
iv.  What feature of the graph y = k‘_—-l—l
e ar

result in part (c)i?

V. Sketch the graph y = e
e—az
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THE LOGISTIC CURVE : : : : : : : : : : : : 231

O Bl g

[2020 Ext 1 HSC Sample Q14] The population of foxes on an island is modelled
by the logistic equation

S dy |
SUU e SRR L —=yl-=-y) AR
@ =Y

where y is the fraction of the island’s carrying capacity reached after t years.

At time ¢t = 0, the population of foxes is estimated to be one-quarter of the island’s
carrying capacity.

""""" """"" """"" ‘1 1. Use the substitution y = 1 to transform the logistic equation to 2 """""

DR dw |

L ceetan- [ O £ i S T R R B S R R e L CERRE ERREE TEEEE TEPEL I PR

i . . dt

................................. - : . dw . sie .
ii.  Using the solution of — = —w, find the solution of the logistic equation 2 :

............................... for y satisfying the initial conditions.
iii. How long will it take for the fox population to reach three-quarters of 2

................................ the island’s carrying capacity?

Answer: t = In9 years

...................................................................................................................................................................................................................




............... 82 iciididecn i e e e s, THELOGISTIGCURVE - & 5 G

T gl T

[2021 Ext 1 HSC Q14] (4 marks) In a certain country, the population of deer was

estimated in 1980 to be 150 000. The population growth is given by the logistic

B P - P R
s SRS equation Cil_t R (CT) where t is the number of years after 1980 and C'is B B

the carrying capacity.

In the year 2000, the population of deer was estimated to be 600 000.

B c 1 1
S he fact that ———— = —
i Use the fact that 55 = 5+ 5= p

approximately 1130 000.

to show that the carrying capacity is

o S

ERITR SRR e %E Urther exercices

Ex 13D SRR N
e QI1-8, 12-15, 17 ° @ Other questions : : :




THE LOGISTIC CURVE 33

2.3.3 Additional exercises

Source |Haese et all (2017, Ex 8H).

dP P
1.  Consider the logistic differential equation i 0.2P (1 - %) P(0) = 20.
(a)  Write P as a function of t.
(b)  Find the value of P when t = 10.
(c)  Discuss the behaviour of P as t — co.
(d)  Sketch the graph of P against t.
2. The population of koalas on an island is currently 500. Its growth rate is expected to
dP P
be given by o 0.1P (1 — m), where t is the time in years from now.

a) Find the expected population after 8 years.

(
(b)  Find the expected time taken for the population to increase to 2 000.
(¢)  What is the limiting population size?

(

d) Sketch the graph of P against ¢.

3. In a small country town, rumours spread very fast. At 8 am on Monday, a rumour
begins with 2 people. The number of people N who have heard the rumour grows

according to the model
dN N
— =08N(1—-—
dt 08 ( 600)

where ¢ is the time in hours after 8 am.

(a)  Write N as a function of ¢.

(b)  How many people have heard the rumour by 11 am?
(¢)  How many people do you think live in the town?

(d) At what time would 500 people have heard the rumour?

4.  There are 10*° molecules involved in a chemical reaction. Initially, 200 of the molecules
are “active”, and any reaction between an “active” and an “inactive” molecule produces
two “active” molecules. The nunber of “active” molecules grows according to the

differential equation
dN N
— =kN(1—- —
= (1~ 9)
where ¢ is the time in seconds.
(a)  Solve the differential equation, and hence write N in terms of & and t.
(b)  Given that 1.5 x 107 molecules were “active” after 107> seconds, find k.

(¢) At what time would you expect the reaction to be 99% complete?
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34 THE LOGISTIC CURVE

5. 14 European foxes were released in Victoria in 1845 for sport hunting. Spreading
rapidly out of control, the fox is now found throughout the mainland, except in the
tropical northern regions. In 1900 there were 30 000 foxes in Australia, and today their
population is steady at around 95 000.

(a)  What features of the growth in the fox population suggest that a logistic model
is appropriate?

(b)  Suppose the population of foxes F' grows according to the differential equation
dF F
— =kF|1—-—
i~ (175

where t is the number of years since 1845.

i. State the value of A.

ii. Solve the differential equation, and use the information provided to write
F in terms of .

(¢c) Estimate the fox population in 1920.

(d) Estimate the time at which the fox population was:

1. 15000 11. 65 000

(e)  Sketch the graph of F' against t.

(f)  When was the population growth rate a maximum? How does this appear on
the graph of F' against t7

Answers

1. (a) P = H;e% (b) P =~ 90.2 (c) t — oo, P — 200. (d) Check via technology. 2. (a) P = % (b) 924

3
1+5
c) 23.0 years (d) 3000 koalas (e Check via technology. 3. (a) N = —590 (1) 21 people (c¢) 600 people (d) 5:08 pm
1+299¢

4. (a) N = % (b) k ~ 1.12 x 10° (c) after ~ 6.09 x 10~° seconds 5. (a) The population of foxes increased quickly

at first, but later levelled off to approach a maximum. (b) i. A = 95000 ii. F = W% (c) 85100 foxes (d) i. 1894
92056

ii. 1911 (e) Check via technology (f) In 1905, as it appears as an inflexion on the graph.
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Section 3

Slope fields

“s Learning Goal(s)

iZ Knowledge £ Skills @ Understanding
Direction field Sketch a graph on a field Particular solution

@ By the end of this section am | able to:
29.3  Sketch the graph of a particular solution given a direction field and initial conditions

&) Definition 8
The slope/gradient /direction field of the tangents to the solution curves repre-

sents gradients at many different grid points with short line segments.

“s Example 16

dy
The slope field for — = 2z is shown below.
dx
Y , b
\ \ \ ‘\ \ \ / / // ,‘" / | ““
W U U PRI
\\ \ \\ \ » 3 T / // [ ,’ “‘“‘
\ \ \\ \ \ / / // / | “‘J‘
\ \ \ \ \ \ N 2 . / / / | / | ““c‘
W U U PRI
\\ \ \\ \ » 1 T / // [ ,’ “‘“‘
\ \ \\ \ \ / / // / | “‘J‘
ll T t X + 1L F t fJ ; J’ ;“ x
B3 72, =1 e,z 03
(L T T MR S I = ror ]
\ \ \ \ \ / / / / [ “‘
\ \ \ \ \ \ AQ - / / / / / JJ‘
\ \ \ \ \ / / / [ [
\\ \\ \ \ \ . 3 L , / / / Jﬁ "j ‘ “‘
\\ \\ \ \ \ N y / / / ’j' ‘j‘
N T T e .
Sketch a few particular solutions to the differential equation. ' '
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CONSTRUCTING SLOPE FIELDS

3.1 Constructing slope fields

Steps

dinates.

“s Example 17

T

1. Fill out a table consisting of x, y and values of

construct the slope field for d_y = 2.

at the corresponding coor-

2.  Plot the gradients of the tangents at the appropriate coordinate.

Fill in the following table with the relevant gradients at the points indicated to

y/z| —4 | =3

—7

-1

==

=

DO
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CONSTRUCTING SLOPE FIELDS 37

‘{s Example 18

d
[Section 8F] (IHafzs_eﬁ_alJ, 2017, p.246) Consider the differential equation d—y = xy.
57

(a)  Construct the slope field for the differential equation using the integer grid
points for z, y € [0, 4].

(b)  Find the equation of the particular solution curve which passes through (2, 1).

(¢c)  Sketch the solution curve from the previous part on the slope field.

y/x| O 1 2 3 4
4
3
2
1
0
y - .
..... 3__
UV YO EUUUL UOUS OO DUDG AOU0 SUORG SOUON O
...... S O O O
I I I 56
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‘ls Example 19
[Section 8F] (IHa&s_(LQLalJ, 2017, p.245) The slope field for

shown.

dy
dx

\\\\\\\\\\\\\\\\\\\\\\\ SR e o e e b
ST P et
e e e S ot e i= oy
C g \\.\\\\\\\\\\\\\\15. llllll ———— e ey
P18 = 155 bRl M i [ e S TSl 74 T T o e gy 1 g e U el fth
i o P d \\\\\\\\\\\\\\\\\M\\\\ ||||| — e
P AR T YA AL 2PN mmm——
1P S A S \\\.\\.\\\\\__m_.._=_ﬁh_1\..\.\\\\ lllllll
LSS AR \\\_\\\_‘..5‘_,________1_____..\\\\\..'!1
il e ot ] \.\\_\..\__‘_hﬁ—,/,,ﬁ;,,,*,__\\\\ll
P o i b A \\..___.________..,,,,,,5,,,,,..‘_._\\\\.
A7 ey B .\\H‘Hﬁ____—,,,f/,/u.///,.,,.,,_mm\\
P 4RI T ST AT T [MY R SR TR A (6 W T8 L S VL T = i T VB W B T T 1ML S o 1
TS A dant il i o R I e e I ol 1 V. Y S . S i S, B e O s B '
7 Al A (Y Y ..________._,,,/,,/,,D/z/////,,__i\
9/ fof T TR T AT - Tad Vb V%V e VoV & N NN WoN V| L LT &
— — — — o o o o N o o o o I —
y A0y Jia 7 SF | k_ﬁ-__F“_,,,,,../,ﬁ,:,//c,f,,;___\_
A A dmtme e e o e i S el i e o i e
LUE LR .‘__H_H—__._.._..,,//c,u.._,,/.,_.__ﬁ.‘\
r G A am Y 4 \‘_._,‘__*“____,_..f.,,_n,u..__,,,ﬁ.____.\\
LUH A \_.HEHﬁ________,.._ﬁ_,._,_____...‘\
Pam Ju iy Y & \._._.._.‘_q__q__“_______1,_____~__.55.\\\
p 2 P IR T N ORIV B O T G T O SO WEN R MR S WA O AU Y Y 0
L st .\h..‘h._‘__-5ﬁk__ﬁ___Mhnhﬁ.___mh.\\\\\

Find the gradient to the tangent to the solution curve at (1, 1).

(a)
(b)

Sketch the solution curve which passes through (1,1).

_1
2

m =

Answer:
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“s Example 20

[2017 VCE Specialist Mathematics Paper 1 Q8] A slope field representing the
differential equation

S T T T e e e e e — ]
S S e — ]
S S S e —
S S S S S S m

PP it i |

dy —z
de 142
is shown below.
y
A
o o o o o e e e e e e e R R T T I
B e
i L S e, R

e e e e NN SRS N NN NN
F— e e e S S N N NN NN N
- — e S O NN N NN N

e e N N N NN

F——— NN N NN

S S S e
S S S S -
S e — ]
S e e —
P S -

_1-:—~\-\.\\\\\\\ NN

S S S S S S s e — — OSSOSO N NN NN N
LSS S S S S S s — NN NN NN NN
/S S S S S s~ NN L LN
/) S S S S S s N N LN
/. L /. Vi Z. L 7 2 = - o ~ SN N BN \ AN \ X L \
7 r = = NN \
/27777 s O NSTON NN L 2
/) S S S S S s VNN
/S S S S S S S s —— N NN NN NN
S S S S S S S S — =~ OO N NN NN
S S S S S S s N N NN NN

s
e N
o e e e N N N N
_____ e b i e e e

» X

Sketch the solution curve of the differential equation corresponding to
the condition y(—1) = 1 on the slope field above and, hence, estimate
the positive value of z when y = 0.

Give your answer correct to one decimal place.

d _
Solve the differential equation i < with the condition

dx 1442
y(—1) = 1. Express your answer in the form ay3 + by + cz? +d = 0
where a, b, ¢ and d are integers.
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40 INTERPRETING SLOPE FIELDS

3.2 Interpreting slope fields

}e Example 21

[2020 Ext 1 HSC Sample Q5] The slope field for a first order differential equation
is shown.
YA
3
2
1
4.3 .2 _ "1 -0 I 2 3 4. x
=1
-2
=3
Which of the following could be the differential equation represented?
dy x dy x dy xy dy xy
A) —==— B —=-—— c) —=-= D) —=-—-—=
()d:c 3y ()da: 3y ()d:c 3 ()da: 3
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‘{s Example 22

[2014 VCE Specialist Mathematics Paper 2 Q14]
is best represented by the above direction field is

The differential equation that

Y
A

R I R S RS S g R S S A A R AALN

’*r‘w’f’v‘*(T/r’v‘T‘wf?r/ﬁr/T’/r’\/*?‘r/f* =TT AT T ’/{’ﬁ%%%r%’{’!‘/j’ﬁ"’
Ik Rt 1/‘(/‘//1//1/1/1{1/1“\
%\jﬂ/%\j/%\j/%\/ﬁ/%\/v’ /\ﬁ;/\ﬁ/?\j ,}/ \?\ 7\ | \\\ Y
T T T T T T A T A A A A A AN N

’*P\}}VT}F}/;\% TSI A P fﬁ%zﬁ/fﬂ*)fﬁfTV(W*YM\\‘T -~
f/\/\/f—r/\/\/v/fr/\/\/v//\/\/v//\/\ \%/1/\/ A/ ) doa b Y NN
RNl g st s R S A AR RATEEINREARN

e e b g 2 1 L NS
P2t = 7t AP A i AT 02 AT A A W 000D NN T NS
et REsERgSE S e E e s T mAvE S LN E T RENNNS SN
/\/r//\/r//\///w//// oo A VN NN \\\(\\\\L\

A A A A i AL LA L K AN S NS IS eSS
SR stR et s S A AVIE BN L NAREVARRANIRN
/\//v//\///\%//\\/\/\/\ il \\\\\\\‘\\\L\\\\\r\\\\ =~
R eSS RAEAALE BIARINARINA RN <5
AL AT A A T L VN L RN R RN RN R -
A A A { R AT A N A A
/\//)/// /\/ YA o\ \L\\\ \\\\\r\\\\\\\\\v\?\\\\

BRI SV SR/ St A I EEANEYE NI A VIS NEA IO N Ni iy S e RS e S
PO N R RN R R R
/\X/ /\/\ A/ ARAVER WANAN \\\\\r\\\\\\\\ﬁ\\\\rﬁ\\\\r\

b e R N N S N S S S e e e e
/\/\Y VARTANN | o\ \\ \\\\\\T\\\ \\\\\K\\r\\\\\\\\\\\\\\r\
AT SN SRR NN A SRS SR R R e A A
SRV R VA L\L\L,\!\,XANXL N OB TSNS S TS S T T S T T s T T T
A I I A R SN N N e D B o iy R A e
O T A N R R i ol o A e
dy 1 dy

—Z = D -~ = —

de x—vy (D) dx o

d 1

_, . E) @

dx dr  y+uw

dy 1

dt  y—=x
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‘fs Example 23

[2015 VCE Specialist Mathematics Paper 2 Q13]

differential equation is shown.

The direction field for a certain

~ <

=
\\\\\\\\\\\\\ A
s g A g
YO PP o \H H\ A S
P TP MR
NN oA gk A A /Y
17 AN A T'TI
\NN NNV SN SN G AL AL AN
A\ kﬁﬁﬁx\\ SSNS \\““*AA \ A\
NNNNVW L LA LY 7Y T T VN NN
L A iy B
SNNNNN N VTP VYNNI
AV T B B
NN S IR RN
NN ST S R
NI R R
NN\ ///V¢ﬁﬁﬁ_§ b“_ﬁ¢7_// AN
VUV Ty P T I
AN M#Vvv\\ // \\\\\\vv#ﬁ N\
NNV IV SNV SAS KXY /AL AT ANAN
\VL T/ V/ /A X A7/ 47 TT TN
\ ]/ NN A S [
N/ 1/ v Ak A a/ ¥/
P A O S P AP e
SN A — \_\ A AN S

The solution curve to the differential equation that passes through the point (2.5,1.5)

could also pass through:

(B) (1,2) (C) (3,1) (D) (3,-0.5) (E) (-0.5,2)

(0,2)

(A)
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‘{s Example 24

[2018 VCE Specialist Mathematics Paper 2 Q10]

best represents the direction field below is:

The differential equation that

y
A

=
A
ST S ST S /]
S SN /1
S S SSFS S S /]
P PPV P YNV VNN NN [
P P PPN S\ A A
eSS [ |
—— eSS S K ST Fr
— KNS [
\\\\\\\ P RN oY AV [
\\\\\\\ PP VDY NN [ O
\\\\\\\\\ L NN NN L
///////// —— s/ i.ﬂ///
_~—————————— e s W (R
NN NN N~ ——— — — P AV [T R
NN S S S S S SSsm——— e 2d B 7 ) VAV VAN
NN NN NN NSNS ~———F /L VL AAAVAUR AN
N N N N N N N N N | N N N ! N
T L) 13 ™~ T Ly T T T T ~ L) L) Ly r
N I R I e N N R
A O S T TR R R R BN AV AV P N D SN N NN
A O S O O S o o R O I B B A (e N
T S O I B O B B B B B B ~~~~
L T T O O I B B B B (e e -
LI I O O S B B B B B B e e
I e L B B B B B B B G (g )
R N N .
T e e e B Y B B A A A A AV QA
[ A A A Y A Y A VAV AV S A e
__\\\\\\\\\\\\\\ SS S S S S e
RN NN NNV e
| NN NN NNNNNYS VISP e
| [ AN AAAE Al s e
/ NN NNV VPP PP
/ \\\\\\\\\\\\\|r\o_©\\\\\\\\\\\\\\

T — 2y
Yy —2x
2z +y
20—

dy
dx
dy
dz

2 + vy
Yy —2x
T+ 2y
207 = 1]
20 —y
T+ 2y

dy
dx
dy
dz
dy
dx
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The differential equation that

‘{s Example 25

[2019 VCE Specialist Mathematics Paper 2 Q9]

has the diagram below as its direction field is

=
A

NN/ /777 T ANAANATF 00/ / / IANNNN | [/ /7
NNNN S /7777 0NNNNNYV I/ /7777 TNNNNNL/ /7
ANANNN T/ /777 0ANSNFN 1/ /777 IANNNAN 7
IANNNNN T/ /777 0ANNYNN /7777 TAVNNAN |
JINNNNN [/ /7771 \NF O\ |/ /777 T \NNNNN |
/L INNNNN I/ /7777 1\ NNNN [/ /777 1T VNN
S/ VNNNNNT /7777 TFNNNNN |/ /771 T NNNN
S/ UNNNANN L L /777 fANNNNN /7777 1V AN
[ /77 T INNANNN N/ /7 /<t NN\ [/ /777 1 \\
1 /7777 VNNNNN T L7787 T VNNSNN [ /7777 1)
VI /777 T IANNNANN L S/ 7 TANNANN | /777 ]
NN 77T INNNNN L LN/ 7L TANNNNANN L /77
NNV /7777 IANNNANN [ =+=N/ /T ANNNNN |/ ///
NNANN S/ /77 T UNNNNN | L7777 T AVNSNNANN | /77
SNNNNV /7777 0NN /777 T AVNNANNN | /7
VNNANN S /7770 IANNNAN T 1/ 777 TANANANY |/
1 y 1 [ 2 L [ R 2 i L\ NI N 1
T ™ 13 LI | 7 | L L | 7 T 1 K T Ly T
CYER-TRNE PSS VRN (SNEVSVAE. F A IIV-TNNIN-Y
I IANNAANN T 7777 003NN L b ot
J/TINNNNNA L 77777 | NSSNNN T L/ /77 T VNN
/7T IANNNNA /7 7= TNNNN /777 TN
17777 IANNNNANY |/ /78 i NNNNA [/ /777140
V /7777 INNNNNY [/ /77 JINNNNNL L /777 1)
N/ /7777 TANNNNNN /7 f 277 INNNNN |/ /7771
SR 22ZARR N AANE RV A RN WP
NNNN /777 0NNNNNN 7777 INNNNN | /7 7/
NANAN L/ /77 INNSNNNT L/ /777 TNNNNA | /7
ANANNNA T/ /777 0NN V27 VNNANANN S
INNNANN /7777 NN 77777 TN
FANNNNN L/ /7777 TNNYNNN /7777 VNNNND |
J T UNNNNNT Z /777 TNVENNNA L /7777 TANANY
J/AUANNNNNN N/ /7771 NSNNN /7777 TANNNA
/T IANNNNNN 2777 /4 RNNNN /7770 TN

44

1

sin(y — x)
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dy
dx

cos(y — x)

dx
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“s Example 26

Sketch possible solution curves to the slope field to the differential equation

(a)

7

;F 7 F ¥ ¥F ¥ T

7z 7

7

. ML VS .

L

" % NN

b

Nl

~

“ NS N

- N .

“ |~

-~

7~

!

!

AT SN I S T SR e LEE
”

A A i

y | F Py

Fy

_EE SEEE S I SEE SE S M E

Ny

% %N

~

% %N “ N %A

N

¥

N

~

N

" %N N

g g My w m, g Ay (my Ny

-~

- - - - - - - - - - -

-

- - - - -~ - -

AN I .

g

/

VR

From the slope field, identity the constant solutions, that is, the equilibrium

solutions.

(b)

Substitute into the DE to show that they are solutions.

(c)

If the horizontal axis is time, describe the behaviour of the solution curves near

those constant solutions, and distinguish between them.

(d)

o Important note

Horizontal solutions are asymptotes
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INTERPRETING SLOPE FIELDS

‘{s Example 27

[2020 Ext 1 HSC Q7] Which of the following best represents the direction field for
the differential equation Y__Z,
y dz 4y Y
Rt e T //////2/74 NN N S
/////’/’rif‘ﬂ\\\\\\ /’/’/’/’/'/1/77\\\\\“‘
AP G N W — = = = = 7\~ = = == — —
S/ S S =~~~ ~NN NN\ gy e — e D
(A) [ VAVl (C) el
X \\\\\/r | ——| | = S N
N AN N A P =2 L L2
NN NSNS ﬂﬁ“\\\//'/'/'a"’——’—#
\\\\,\:l_;;,,,/,/r//// ‘\\)\\\T]\j*/////r))»
e e \\\,\\\\f//////»/
\.\\‘ﬂ:2—;l>—>.—r/>/r/>/v/ \\\\\\‘_2\77 VA G
Yy Yy
aaaaaaa | VA A A A A VA A A A A A
aaaaaa L s s e oy S S S VAR A rr Lt/
2 VA VA VA Y Y Y A
- - " - = =S EESE S rrr NS ST
. _———— e . LSS\
e s NN //////{'////////
I VAV VAV AR e vV Y A A A A
= — — — |~ NN N N N\ AV AP A AP A A AV AP A A A A A A
(B) 1./ /4/'\> > (D) pfiatadadintatiad ntadad ittt
Y N = s = = = e = — = = —= = =
P A A A il VA A R A A el
D i VAV AV A VAR A A A A A
) B A A VAV AV A A A b v VA A A A A A A
— e e el o o VAV A Y A A AV A VA A A A A A A
SN
it dndadiad nd ettt il VARV VA A )
e VAV o v A A A AV
= Further exercises
Ex 13B Ex 13D
e Q5-15 e Q10, 11, 15, 16
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3.2.1 Additional exercises

Source dﬂaﬁwﬂ, 2017, Ex 8F)

1.  Slope fields for two differential equations are plotted below for z,y € [—2,2]. In each
case, use the slope field to graph the solution curve passing through (1,1).

~ ~ ~ N N N\ \ /) / S s s s~ ////////“y’///////
~ ~ ~ >~ N \ \ /) /S S s s s - ////////2_////////
~~ >~ N N\ A\ / S S S s - - s/ S LS
~ ~ N N NN\ / /S s s s~ - =77 S S S == =
~ ~ ~ N N\ N\ / S S S s s - —_—— =/ S S S s == =
~ ~ N N N N\ N\ /) /S S S s s e i AP G
~ ~ N N NN\ N\ /) S S S s - i S S s
~ N~ N~ N N N\ / /S S S s s _—— - - - s s/ ///////—a;.
a b < —
<) ~ <2 NN\ //////2/37() —=2 -2
~~ >~~~ NN\ [ A P A (A
~ ~ ~ >~ N \ \\ !/ /S S s s R SR A
~~ ~~ NN\ | /S — e A iy
~ ~ ~~ N\ O\ | /S S —— sl S LS
~~~SSNN\ANA\ NV s - '///////2_///////'
\\\\\\\_\2 | /S S s s e - —— =T A
~~ ~~ N\ N\ | /S S s - . A
2 2
2.  The slope field for the differential equation @ = Lo +dy is shown.
dx y —ox + 10

’ / / / / / / / / / / /A 1 I | | 1 \ \

S S S S S S y/ /A A R R I N B

S SSS S S S SS A N

/////////iz 2N A N

S A Y A S A N 22y S A N N T T

I A R A A A A V2 L R U U WA

A < 7 /7 7/ [ 1 VA

//////////]. — - -/ ] \ \ NN\

S S = = = = = — — — = /7 / "\ N\ N\

- = -_—— = — — — — ~ / VN N N\ N\

¢ 43/ -+ :r ; H— t >

- — = = — 1 1 v 3

S S s s = = = = — — — =/ 1 Vv N N\ N\ \

/////////_/1 — ~ /7 7/ 1 VN N N\ N\

[ AR G oy 22 N L U U AR A

[P P D S S A A S V22 e I T U U W N

S S S S S S S S /2 S R I E R W U U

/////////_/2 /A A ) A E U U

S S S S S /A A R U T

A A A A A | N T T O W

LSS N e T W B

(a) Find the gradient of the tangent to the solution curve at the origin.

(b)  Sketch the particular solution passing through the origin.
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=z(y — 1) is shown.

The slope field for the differential equation Z—y
x

3.

IIIII —_ | - - - -
IIII ~~ | -4 - — — — —
IIIII -~~~ - -
III////_\\A\ \\\\\\\\
’//////_\\\\ \\\\\\\\
——~~\ | /XN - = = — — — —
-~~~ \ |/ g4~ — —
~~~~N~\\| / 4~ ~»rr———r — — — —
>SS SN N VL] / S S S s s s -~
“+——
\4\\\02\_/ ///wﬂ///A/_._/
\\\\\\\_/Vn////////_/
P V2N IR (S
\\\\\\\_/vﬂnl/.__lll IIIIII
.I.\\\\\\_//// //////
e e N~ —
\\\\\ — Nt -—_——
\\\\\ SRS
\\\\\ — |~ - - - - - —

Sketch the solution curve which passes through (0, 2).

(a)
(b)

Find the equation of the solution curve drawn in (a).
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2

xT~.

dy _
dr

Consider the slope field for the differential equation

4.

—_— — — — — — — — — e — ) — ) — ) — — — — —

/
/
/
/
/
/
II
/
/
/
/
/
/

s S

/0

/

I/ 7 s -=-—=—+—=s7 /111
I/ 7 /s -=-—=—+—=—=77 /111
I/ s s -=-—=—+—=—=-7 111

L/
4 — - -

+ -7 71711

- 77171

/////:2——~//
VA
\J
_2_
I/ ===/ ] ]

4
—

II
+2 /7=

4

A
111 7=t =ev 0
!/ /S ===/ ] ] ]
| !/ /==t —= 7 /]

/s s -

/

I/ 7 /s -=-—=—+—=—=s7 111
I/ s s -=-—=—+—=—=-7 111
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§$3+C

Show that a general solution for the differential equation is y

(a)

Sketch the particular solution curve for

(b)

ii.
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INTERPRETING SLOPE FIELDS 51

5. (a)

1
Construct the slope field for the differential equation d_y = 5% using integer
x
grid points x,y € [—2,2].
Y
....... e .................. 2._.._ ..................
..................................... 1_..~.
] i —
-1 1 2
.................................... 1*_

Find the equation of the particular solution curve which passes through (1, —1).
Sketch this curve on your slope field.

NORMANHURST BOYS’ HIGH SCHOOL



- Applications and problem solving

T& Learning Goal(s)
iZ Knowledge £ Skills ¢ Understanding
Logistic curve Solve Chemistry /Biology /Economics

phenomena modelled by the ......... ......... ..........
logistic curve : : :

......... ...... @ By the end of this section am | able to:
: : 29.6  Model and solve differential equations including to the logistic equation that will arise in situations
where rates are involved, for example in chemistry, biology and economics

[2006 VCE Specialist Mathematics Paper 2 Q10] A chemical dissolves in
a pool at a rate equal to 5% of the amount of undissolved chemical. Initially
the amount of undissolved chemical is 8 kg and after ¢ hours x kilograms has dissolved.

| : The differential equation which models this process is : : :

, ......... ....... dm l‘ dm x 200 8 dm m .. , ......... , ......... ..........
P - ; i e T
- = D - = : . :

dt 20 : : (D) odt 20




...................................................................................................................................................................................... 53 i
[2007 VCE Specialist Mathematics Paper 2 Q14] The rate at which a type of
"""""""""""""""" bird flu spreads throughout a population of 1000 birds in a certain area is propor- =
| : : | tional to the product of the number N of infected birds and the number of birds still :
"""""""""""""""" not infected after ¢ days. Initially two birds in the population are found to be infected.
""""""""""""""""""" A differential equation, the solution of which models the number of infected birds =
| : : | after ¢ days, is :
......... .. ......... .. dN 1000_N dN ........ ..........
5 5 : (A — =k— D — =kN(1000 — (N +2 5
e B (D) S = KN(1000 - (N +2) |
............................. IN a0
(B) ﬁzk(N—2)(1000—N) (E) %:k(N—I—Q)(lOOO—N)
e R e . B N T R R A R
1 (©) —-=kN(1000- N)
SRR b i : _ d_t _ _ DU P00 OO SUD0 000 OO 0FDS 0PI FUDNS JUUDL DV SOV UUCYSUE OFON 0TS NS JUTOS FOOPIOVINS SO OO S
gExample 30
[2008 VCE Specialist Mathematics Paper 2 Q14] The volume of water V m?
""""""""""""""""" in a cylindrical tank when it is filled to a depth of h metres is given by V.= 4h. "
Water flows into the tank at a rate of 0.2 m? per minute and leaks out at a rate of
"""""""""""""""" 0.01v/h m® per minute. The differential equation, which when solved would enable
§ § § 1 hto bed expressed in terms of ¢, is ! §
S S SO . h h o . O
z z z 1A —=02-0.01vh D) —=—-—+— :
: : : : ) dt vh (D) dt 20 —+/h :
......... .......... 4444444444 . dh, ........ ..........
| : : 1B —=4 (0.2 - 0.01\/ﬁ) (E) gh _ 20 — 200 :
T T & di NG R
3 : : : (C) @ B 20 — \/E
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, dt 400




T gl BT

[2010 VCE Specialist Mathematics Paper 1 Q7] @ Consider the differential
equation

| : 42 4 ; ; :
SERSERREE ERREES _y:—x 5 B e B B
| : dr? (1 — x2) : : ;

for which Z—y = 3 when z = 0, and y = 4 when x = 0.
x

......... .. ...... d 2 4 ......... . ......... ..........
§ § Given that — = * 5, find the solution of this differential equation. § § §
RN dz \1-2%/ (1-22) I R

Answer: y =z + In (%ﬁ—i) +4

o S




O Bl 3

[2016 VCE Specialist Mathematics Paper 2 Q3] A tank initially has 20kg of
salt dissolved in 100 L of water. Pure water flows into the tank at a rate of 10 L /min.
The solution of salt and water, which is kept uniform by stirring, flows out of the
tank at a rate of 5L /min.

If z kilograms is the amount of salt in the tank after ¢ minutes, it can be shown that
the differential equation relating x and ¢ is

dq:+ T _0
i e

(a)  Solve this differential equation to find x in terms of t. 3
A second tank initially has 15kg of salt dissolved in 100L of water. A

solution of — kg of salt per litre flows into the tank at a rate of 20 L/min.

The solution of salt and water, which is kept uniform by stirring, flows out
of the tank at a rate of 10 L/min.

(b)  If y kilograms is the amount of salt in the tank after ¢ minutes, write 1
down an expression for the concentration, in kg /L, of salt in the second
tank at time ¢.

. . . . . dy Y 1
Show that the diff tial t lat dtis —+—— = —. 2
(c) ow that the differential equation relating y and ¢ is g + DT

(d)  Verify by differentiation and substitution into the left side that 3
2420t 4 900

6(10 + t)
Verify that the given solution for y also satisfies the initial condi-
tion.

satisfies the differential equation in part (c).

() Find when the concentration of salt in the second tank reaches 2
0.095kg/L. Give your answer in minutes, correct to two decimal places.

Answer: (a) z = 500

057 () ﬁ_‘_mt (c) Show (d) Verify (e) t = 3.05




o S

Ex 13E




NESA Reference Sheet — calculus based courses

| | .“ [ NSW Education Standards Authority
N
ﬁsw HIGHER SCHOOL CERTIFICATE EXAMINATION

GOVERNMENT i
Mathematics Advanced
Mathematics Extension 1
Mathematics Extension 2
REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(l1+r)
[ = i X 27r
360
Sequences and series
Area
A:ixmz 7;1=a+(n—l)d
360
h
A :E(a+b) Sn=§[2a+(n—l)d]=g(a+l)

Surface area

A =27r% + 27rh

2
— S = = s #1
A = 4nr ' —r 1 r
Volume
= 1
V= iAh S = ‘ r‘ <
3
V= i71'r3
3
Functions Logarithmic and Exponential Functions
[12
Y= —b++b"—4ac logaax =y = alogax
2a

For ax®+ bx’>+cx +d = 0:
a+ﬁ+y=—§

c

o +ay+Py=-
and aﬁy:—g

Relations
(x—h)2+(y—k)2=r2

log, x

log x =
&a log,a

af = exlna




Trigonometric Functions

SinA = %, COSA = a—dj, tanA = ﬂ
adj
A= lab sin C
2 \/E 45
a b c
= = 450
sinA  sinB  sinC
¢ =d*+b*>=2abcosC
2,52 2
a +b°—c
cosC=—— o
2ab 30
2
l=r6
A= l}’249 /60°
2 1
Trigonometric identities
secA = ! ,cosA#0
CosA
cosecA = ,1 ,sinA#0
sin A
COtA = C(,)SA, sinA #0
sinA

cos?x + sin’x = 1

Compound angles
sin(A + B) = sinAcos B + cosAsin B
cos(A + B) = cosAcos B — sinAsin B

tan(A + B) _ tanA + tan B
1—-tanAtanB
If t=tané then sinA = 2
2 1+
’1_ 2
COSA = !
1+£
tanA = 2
|-

cosAcosB = %[COS(A — B) +cos(A + B)]
sinAsinB = %[cos(A — B) — cos(A + B)]
sinAcosB = %[sin(A + B) +sin(4 - B)]

cosAsinB = %[sin(A +B) —sin(A - B)|

sin’nx = %(1 — oS 2nx)

cos’nx = %(1 + cos 2nx)

Statistical Analysis

An outlier is a score

less than O, — 1.5 X IQR
or

more than QO + 1.5 X IOR

Normal distribution

0 1
approximately 68% of scores have
z-scores between -1 and 1
approximately 95% of scores have
z-scores between -2 and 2
approximately 99.7% of scores have
z-scores between -3 and 3

-3 2 -l

E(X)=u

Var(x) = E[(X - u)*] = E(X?) - 4

Probability

P(An B)=P(A)P(B)
P(AUB)=P(A) + P(B) - P(ANB)
P(A|B) = M, P(B)#0

P(B)

Continuous random variables
X
P(X<x)= J S(x)dx
a
b
Pla<X<b)= J F(x)dx

a

Binomial distribution

P(X=r)="Cp'(1-p)"~"
X ~ Bin(n, p)
= P(X=x)
n .
=(x)px(1—p)’ Y x=0,1,....n
E(X)=np

Var(X) = np(1-p)




Differential Calculus

Function

y=f(x)"

y=uv

y = g(u) where u= f(x)

y =sin f(x)

y = cos f(x)

y = tan f(x)

y=el/®)

y=1In/(x)
y=a/®

y=log, f(x)

y=sin"" /(x)

y=cos™ f(x)

y=tan"' f(x)

Derivative
RGO
dy _ v du
dx dx dx
dy _dy du
dx  du’ dx
du dv
V— —U—
dy _ dx dx
dx V2
L= ) cos /()
X
L sin )
X
D _ () sectf(x)
dx
L el
dy _ S (x)
dx  f(x)
D _ (1na) £/(x)a"™)
dx
dy_ W
dx (Ina) f(x)
dy S(x)
dx 1— [f(x)]2
& W
dx 1— [f(x)]2
dy S(x)

Integral Calculus

Jﬁ&ﬁf&ﬂ%ﬁz;&ﬂf@ﬂ“ﬁw
where n # -1

~

S(x)sin f(x)dx =—cos f(x)+c

~

J(x)cos f(x)dx =sin f(x)+c¢

~

S'(x)sec? f(x)dx = tan f(x)+¢

~

f’(x)ef(x)dx =e/W4¢

(f'(x)
J S(x)

dx =1n| f(x)|+¢

( /(%)
f’(x)af(x)dx =4
J Ina

+c

S'(x)

V= [/(x)F

Jif’(x) dx = ltan_1 M+ c
a2 +[f(x)]2 a a

uﬂdx =uy— vﬂdx
dx dx

b
j S(x)dx

:ééig{f(a)+j(b)+2[f(%)+--~+f(@7J]}

dx =sin”!

L

where a =x, and b=x,




Combinatorics

np Nt

" (n=r)
(n)z,,c _ n!
r r

r(n—r)!

1 r

n\ n\ per r
(x+a)"=x”+( )x” 1a+---+( )x" "a’

+ .-

+a"

Vectors
| = xi +yj| = 2?+y?

u-y=|ul|v]cosd = xx, + vy,
where u = x;i+yj

and y:x2£+y2!'

r=a+A

1S

Complex Numbers

z=a+ib=r(cosf+ isinh)
=re'?
[r(cos 0 + isin 9)]” = r"(cos nf + isinnb)

— rnemé

Mechanics

d*x dv  dv d (1 2)
72 =—=y—=—|—V
dt= dt dx dx\2
x=acos(nt+a)+c
x=asin(nt +a) + ¢

X= —nz(x —-0)

© 2018 NSW Education Standards Authority
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